We use a simple, self-consistent, self-gravitating semi-analytic disc model to conduct an examination of the parameter space in which self-gravitating discs may exist. We then use Monte-Carlo radiative transfer to generate synthetic ALMA images of these self-gravitating discs to determine the subset of this parameter space in which they generate non-axisymmetric structure that is potentially detectable by ALMA. Recently, several transition discs have been observed to have non-axisymmetric structure that extends out to large radii. It has been suggested that one possible origin of these asymmetries could be spiral density waves induced by disc self-gravity. We use our simple model to see if these discs exist in the region of parameter space where self-gravity could feasibly explain these spiral features. We find that for self-gravity to play a role in these systems typically requires a disc mass around an order of magnitude higher than the observed disc masses for the systems. The spiral amplitudes produced by self-gravity in the local approximation are relatively weak when compared to amplitudes produced by tidal interactions, or spirals launched at Lindblad resonances due to embedded planets in the disc. As such, we ultimately caution against diagnosing spiral features as being due to self-gravity, unless the disc exists in the very narrow region of parameter space where the spiral wave amplitudes are large enough to produce detectable features, but not so large as to cause the disc to fragment.
INTRODUCTION
It is widely accepted that low-mass stars form through the collapse of cold, dense molecular cloud cores (Terebey, Shu & Cassen 1984; McKee & Ostriker 2007) . These cores will typically contain some amount of angular momentum, meaning that all the mass cannot fall directly onto the central protostar; some must first pass through a protostellar accretion disc. In these discs, molecular viscosity alone does not exert large enough torques to redistribute angular momentum out to large radii, allowing mass to accrete onto the central protostar. However, instabilities that develop into the turbulent regime can produce considerable torques that can then drive mass transport.
If these discs are sufficiently massive then self-gravity could Email: cxh@roe.ac.uk † Scottish Universities Physics Alliance be significant, and the gravitational instability (GI) could be the main angular momentum transport mechanism (Toomre 1964; Laughlin & Bodenheimer 1994 ) during these early times. If GI is significant in these discs, then we would expect there to be nonaxisymmetric structures, typically spiral density waves.
Discs around very young stars are, however, heavily embedded in their cloud cores, making them difficult to observe at optical wavelengths (Dunham et al. 2014) . High resolution interferometric observations, in radio or sub-mm, are therefore required to resolve the disc. Currently, however, observations of this wavelength with a high enough resolution to resolve spiral arms are rare.
Here we examine the parameter space of self-gravitating protostellar discs to determine the range of accretion rates, disc masses and outer radii in which extended spiral features could be detected by ALMA. Previous studies which describe simulated ALMA observations of protostellar discs have tended to focus on reproducing the specific morphology of discs, using numerical methods such as Smoothed Particle Hydrodynamics (SPH), rather than an examination of the parameter space in which they are detectable (Cossins, Lodato & Testi 2010; Ruge et al. 2013; Douglas et al. 2013) . Dipierro et al. (2014) and Dipierro et al. (2015) have shown, using simulated observations from SPH simulations, that nonaxisymmetric structure in self-gravitating protostellar discs is detectable at a wide range of wavelengths using ALMA. Our approach differs to that used in Dipierro et al. (2014) and Dipierro et al. (2015) , in that rather than deriving the physical disc structure from numerical simulations, where an artificial cooling law has been imposed, we use a self-consistent, analytic geometry coupled with 3D Monte Carlo radiative transfer (MCRT) to generate emission maps at typical ALMA frequencies. This geometry, unlike in SPH simulations by Dipierro et al. (2014) , Dipierro et al. (2015) and , is intended to be more realistic. We wish to note, however, that we do not include in our MCRT simulations the effect of dust trapping in the spiral arms noted by Dipierro et al. (2015) . We suspect that including this would increase the detectability of the spiral structure, and we leave further investigation of this to future work.
Once we have our MCRT images, these are then used as input sky models to the ALMA simulator from the CASA software package (ver 4.3.0) to generate synthetic ALMA images. We stress that it is not our aim to match specific morphology, but rather to examine the conditions under which the over-density in spiral arms is sufficient so as to be detected. We then use this to investigate the region of parameter space (characterised by disc mass accretion rate and outer radius) in which GI-driven spiral density waves may be detectable by ALMA.
Currently, there are few, if any, observations which are strictly comparable with what we consider here. However, several transition discs have recently been observed to have non-axisymmetric structure that extends out to large radii. Bearing in mind the difficulty of finding strictly comparable samples, we take three of these transition discs as test cases, and apply our simple geometry to them. We aim to determine if these discs exist in the parameter space where self-gravity could be a feasible explanation for their spiral structure. We do not, however, generate synthetic images of these cases, since these test cases are imaged in NIR and scattered light, which is quite different from continuum mm emission.
The paper is laid out as follows: The model is described in Section 2, with the 2D and 3D structure given in Sections 2.2 and 2.3 respectively. Section 2.4 describes our Monte Carlo radiative transfer method, and Section 2.5 describes the generation of synthetic observations. Our results are given in Section 3. We give the surface density profiles achieved from our model in Section 3.1, and compare our models to scenarios where a fixed cooling law is imposed in Section 3.2. We discuss our general results from our synthetic imaging in Section 3.3, and apply our analytical geometry to test cases in Sections 3.4.1, 3.4.2 and 3.4.3. We draw conclusions in Section 4.
MODEL

Outline
Here we use an existing 1D model to examine the parameter space of self-gravitating discs initially developed by Clarke (2009) (see also Rice & Armitage 2009; Forgan & Rice 2013b ). We develop it to include 2D and 3D structure, fitting spirals of the shape typically found in Smoothed Particle Hydrodynamics (SPH) simulations (given in Figure 1 ). Figure 1 . This is a simulation image of a self-gravitating disc that has reached a state of quasi-equilibrium, with parameterised cooling such that β = 9. Two spirals have been plotted. The blue line is a logarithmic spiral, the white line is an Archimedal spiral. The logarithmic spiral appears to fit the spiral arms of the disc the best, although it is fairly arbitrary since Equation (17) has two free parameters.
Radial Geometry
We expect a self-gravitating protostellar system to settle into a state of quasi-steady thermal equilibrium (Paczynski 1978; Gammie 2001; Rice & Armitage 2009) , with a constant accretion ratė M given bẏ
where cs is the sound speed, Σ is the surface density, Ω is the angular frequency (since we are considering Keplerian rotation, the epicyclic frequency is simply Ω) and α is the dimensionless shear stress, composed of both hydrodynamic (i.e. Reynolds stress) and gravitational parts. Remarkably, this can be expressed both simply and analytically as (Gammie 2001 )
where γ is the ratio of specific heats and β is a dimensionless constant which parameterises cooling, and is given by
where tc is the cooling time. The scale height H is given by
and the midplane density is given by
For a chosenṀ and outer radius R, we iterate our code until the surface density Σ produces the accretion rate we are attempting to match. A disc is susceptible to gravitational instability if the Toomre (1964) parameter Q ≈ 1.5 − 1.7 (Durisen et al. 2007 ).
For our purposes, we impose the following condition at all radii in the disc,
where G is the gravitational constant. With the chosen accretion rate and outer radius fixed, we then find Σ by guessing an overly large value and iterating downwards untilṀ in Equation (1) matches our chosenṀ . For a given value of Σ, we obtain the local sound speed by rearranging Equation (6). This allows the calculation of the local scale height, and hence the midplane density. An equation of state table is then used to determine the opacity κ from this density and sound speed, and then the optical depth τ is estimated as τ = κΣ using Rosseland mean opacities from Bell & Lin (1994) . The cooling rate is then (Hubeny 1990) :
where T is the midplane temperature and σ is the StefanBoltzmann constant. If some source of external irradiation is present, this is modified to
where Tirr is the temperature set by the external irradiation. The cooling time tc in both cases is then the thermal energy per unit area divided by the cooling rate:
Since in a quasi-steady state, energy dissipation in a disc is dominated by self-gravity , and assuming local thermodynamic equilibrium, the rate per unit time, per unit area at which the kinetic energy of rotation of the disc is dissipated into heat by viscosity (the dissipation rate) is equal to the cooling rate, given by Equation 7. This dissipation rate is
where νvis is kinematic viscosity, and is expressed as (Shakura & Sunyaev 1973) 
This allows α to absorb the uncertainties of the pseudo-viscous properties of the disc. Since in a steady state, the cooling rate matches the dissipation rate, we can equate Equations (7), or (9) and (10), and then use Equation (11) to directly determine α. Finally, since the accretion rate in a quasi-steady disc is given by Equation (1), we can check that our calculatedṀ is within some tolerance of our imposedṀ . If not, we reduce Σ and repeat this untilṀ is within some tolerance of our chosenṀ . Therefore, the surface density is determined iteratively at every radius and only needs to be integrated to determine the enclosed mass of the disc. The parameter space of our model is shown in Figure 2 . For every accretion rate, and radius at that accretion rate, there is a corresponding disc mass.
3D Structure
The above method only examines the radial parameter space. To examine structures such as spiral arms, the model must be developed to manage azimuthal asymmetry. Additionally, since we later compute global 3D radiative transfer calculations, we also include a vertical density profile. We begin by defining a Cartesian grid onto which surface density as a function of radius is mapped. This produces a 2D disc which is azimuthally uniform at each radius. It has been shown there is a relationship between the amplitude of the density perturbations and the strength of the cooling such that (Cossins, Lodato & Clarke 2009 )
where is a dimensionless proportionality factor known as the heating factor, and the radial phase and Doppler-shifted phase Mach numbers are M = |vp|/cs and M = |ṽp|/cs. Cossins, Lodato & Clarke (2009) find an empirical relationship such that
Since there is a relationship between α and β given by Equation (2), we impose a spiral perturbation dictated by our αgrav such that )
where δΣ/Σ is the fractional over-density. This is imposed sinusoidally so that
where m is the azimuthal wavenumber selected by the user. For self-gravitating discs with mass ratios similar to what we'll be considering, this is typically high, so we select 10. We have assumed that the maximum over-density is equal to the average over-density, with φ the phase difference between the azimuthal location of the spiral θ spiral and the azimuthal position θx,y in the disc:
The maximum over-density then occurs when the (x,y) position is coincident with the position of the spiral. The negative sign in Equation (14) simply forces the maxima to occur coincident with the position of the spiral. A logarithmic spiral of the form
was used, where a and b are constants (in this case a = 13.5 and b = 0.38), as this most closely matches the shape of spirals seen in self-gravitating discs from simulation data (see Figure 1 ). This is somewhat arbitrary, since tweaking parameters can give a close fit with an Archimedean spiral. However, it is not our intention to exactly match morphology.
To create accurate skymodels in terms of brightness to put into the ALMA simulator, the vertical density profile must be carefully considered, since the total intensity at the surface of the disc is dependent upon the amount of emission and absorption which has occurred between the surface and the midplane. We calculate the density as a function of z using the expression for density in a selfgravitating disc (see e.g. Spitzer (1942) for a full derivation)
where the self gravitating scale height Hsg is given by
It is worth noting that Hsg is approximately equal to H in Equation (4) since
Radiative and Molecular Line Transfer Code: TORUS
The TORUS radiation transport code Kurosawa et al. 2004; Haworth et al. 2015) determines radiative equilibrium in a dusty medium using the Monte Carlo (MC) photon packet method first described by Lucy (1999) . Temperatures, densities and dust properties are stored on a three-dimensional adaptive mesh, refined in such a way that large gradients in opacity are well resolved.
Here we use a cylindrical adaptive mesh, in which the cells are sectors of hollow cylinders. When additional resolution is required a cell may be subdivided into four (or eight) children by splitting the radial extent and height of the cell into two, and (optionally) by splitting the azimuthal extent of the sector into two. We use a simple thermal model for the disc geometry, and then calculate a radiative-equilibrium model using TORUS. The radiation equilibrium calculation is iterative and full details are given in the above references. Briefly, the radiation field of the protostar is modelled using N photon packets which are allowed to propagate through the grid, undergoing a random walk of scatterings, or absorptions and re-emissions, until they escape the computational domain, at which point estimates are made of the absorption rate in each cell. The dust temperatures in the grid are then calculated on a cell-by-cell basis by assuming radiative equilibrium, and the next iteration of the photon loop is performed (using the updated dust temperatures). Once the temperatures have converged it is possible to calculate spectral energy distributions and continuum images for arbitrary viewing angles using the MC method. The TORUS code has been extensively benchmarked and shows good agreement with other independently developed radiative transfer codes (Pinte et al. 2009 ).
For our main radiative transfer results (in Section 3.3) we assume typical values for a pre-main-sequence star, with central source mass of M * = M , R * = 2.325 R and T eff = 4350 K. The dust in our model consists of Draine & Lee (1984) silicates, with a grain size distribution of
where amin and amax are the minimum and maximum size of the dust grains (0.1 µm and 1.0 µm respectively), and the power-law exponent q is taken to be qism = 3.5 (Mathis, Rumpl & Nordsieck 1977) . The dust density is 1% of the gas density.
The ALMA Simulator
The emission maps generated by TORUS are used as inputs to the ALMA simulator built into CASA (ver 4.3) (McMullin et al. 2007 ). Disc sizes and fluxes are scaled to a distance of ∼ 140 pc (i.e. in Taurus) , and we show a set of comparison images at ∼ 50 pc (i.e. in TW Hydrae). Multiple simulations were conducted varying the array size, and therefore imaging resolution and sensitivity, to ensure the optimum balance between resolution and sensitivity. Built-in noise sources such as atmospheric transmissions were included in the simulations run at varying precipitable water vapour (PWV) levels. Typical PWV levels appropriate for observing in the different ALMA bands were used, specifically: 2.784, 1.262, 1.262 and 0.472 mm for simulated observations at 220, 345, 460 and 680 GHz, respectively. These are consistent with those used, for instance, in Dipierro et al. (2014) .
RESULTS
Our results section is broken into four parts. We begin with the basic results from our analytic geometry (Section 3.1), showing that for a given central star mass and disc outer radius, there are regions of parameter space in which the disc cannot exist in a quasi-steady, self-gravitating state. We then show that such discs may exist in these regions of parameter space if they are irradiated with some external source, but a moderate amount of irradiation will remove spiral features.
In Section 3.2, we compare the synthetic ALMA image results of our analytical model to image results which used SPH geometries. We show that the assumptions made in SPH simulations probably cause larger contrast in the inner regions of discs. We do, however, reproduce the basic results of Dipierro et al. (2014) using a constant β approach.
In Section 3.3, we present results showing the conditions required to directly observe self-gravitating spiral structures with ALMA. We entered a range of accretion rates, and found that even at the maximum accretion rate a 100 AU disc can sustain without fragmenting, non-axisymmetry due to disc self-gravity is just detectable at 680 GHz at a distance of 140 pc (i.e. in Taurus). At 50 pc (i.e. in TW Hydrae), it is significantly easier to detect spiral structure, and the features are discernible at 220 GHz.
Finally, we make only parameter space comparisons with three observed systems in Section 3.4. We show that for all three systems, it seems unlikely that spiral features which have recently been imaged in the disc are due to disc self-gravity, unless the disc mass has been significantly underestimated.
Basic Model
We find that for a given radius and host star mass, with no external irradiation considered, there is a maximum accretion rate that any self-gravitating, quasi-steady disc can sustain. Above this accretion
No Irradiation Irradiation at 10 K Irradiation at 30 K Figure 3 . Logarithmic surface density maps of discs with accretion rate increasing from left to right. Top row: For a 1M central star and no external irradiation, the maximum accretion rate a 100 AU disc can sustain without the outer regions fragmenting isṀ = 2.8 × 10 −7 M yr −1 . Any higher, and the disc truncates in the outer regions as it becomes unstable to collapse and begins to fragment. Middle row: same three accretion rates, but with external irradiation at 10K added. Although the discs look similar, they vary very slightly in mass. The irradiation is just enough to prevent truncation, without removing spiral features. Bottom row: same discs but with irradiation at 30K added. These discs are also prevented from fragmentation in the outer regions, however the irradiation is also sufficient to remove spiral features completely. rate, the disc begins to truncate as the outer parts become susceptible to fragmentation (Rafikov 2005; . This is illustrated in the top panel of Figure 3 , which shows logarithmic surface density plots of three discs with increasing accretion rate from left to right. Note that to decrease the disc radius to a quarter of its original size only requires an increase in accretion rate of around 30%.
When more mass is added to the disc, the sound speed (and subsequently temperature from our equation of state) increases since in our model it is set by Equation (6). In the cool outer parts of the disc, the Rosseland mean opacity is related to temperature by κ ∝ T 2 (Whitworth et al. 2010 ). Therefore our cooling rate now has a dependence Λ ∝ T 2 . This increased local cooling rate causes a decrease in local cooling time. In order to maintain the disc in a quasi-steady state, this local radiative cooling must be balanced by viscous shock heating from the spiral arms, therefore the local αgrav increases to redress the balance in the disc.
However, this quasi-steady, self-gravitating torque saturates at around α ∼ 0.1 (Gammie 2001; Rice, Lodato & Armitage 2005) and we expect the disc to fragment, producing bound objects. Since this region of parameter space is not what we are interested in, we set the surface density here to 0.
However, a small amount of irradiation, say at 10K, can change the surface density profile of a disc. How this changes depends upon the accretion rate of the disc, and therefore how closė M was initially to the fragmentation/truncation boundary in the absence of irradiation.
The middle panels of Figure 3 show discs with an accretion Figure 4 . Disc withṀ = 2.0 × 10 −7 M yr −1 , 33% lower than the maximum it can sustain without truncating. It is irradiated at 10 K, and this small amount of external irradiation has altered the surface density structure of the outer parts of the disc, as the equilibrium disc structure is now more massive for a given accretion rate and radius. The "spikey" features on the boundary between the outer and inner parts of the disc are a numerical artefact due to a small change in surface density from the resolution limit of the grid, and is more pronounced in log space.
rate that was initially at the fragmentation boundary before irradiation at 10K was added. In this case, the irradiation prevents truncation whilst preserving spiral structure. The disc mass varies very slightly, and this is consistent with previous examinations of disc mass under irradiation (Forgan & Rice 2013a) since the accretion rate is only changing slightly, rather than by an order of magnitude. We therefore find that a small amount of external irradiation can prevent fragmentation, whilst preserving the spiral features in the disc.
On the other hand, we do find that spiral features in a selfgravitating disc of any accretion rate are erased by a moderate amount of external irradiation, say at 30K. This is demonstrated by the bottom panels in Figure 3 , which shows that for a disc with a radius of 100 AU, irradiation at a temperature of 30K can erase non-axisymmetric structure from the disc. It is unsurprising that applying sufficient external irradiation to our systems wipes out spiral structure, as external irradiation has been found to have a stabilising effect on marginally unstable discs (Kratter & MurrayClay 2011; Rice et al. 2011; Forgan & Rice 2013a) . When external irradiation of temperature Tirr is present, the local cooling rate in the disc is reduced and is given by Equation (8). This decrease in cooling rate causes the cooling time tc = β/Ω to increase, which also causes local β to increase. If the disc is in thermal equilibrium, we then parameterise the viscous shock heating required to balance this cooling as αgrav given by Equation (2), where αgrav can be thought of as an effective gravitational stress. It is easy to see that for an increased β, a smaller α is required to redress the balance. The α is then able to stay below the torque saturation limit αcrit ∼ 0.1 (Gammie 2001; Rice, Lodato & Armitage 2005), and the disc is able to stay in a quasi-steady self-gravitating state out to larger radii. Although in this manner, the disc is able to stay in a quasi-steady, self-gravitating state, the strength of the spiral amplitudes decrease. In our calculations, the α is composed of two parts,
where αvisc is the viscous component of the stress due to magnetorotational instability (MRI), which we set to αvisc = 0.01 (see e.g. Kratter, Matzner & Krumholz 2008) . Since the perturbation strength of the spiral amplitudes is given by
when α → 0 then δΣ Σ → 0. This happens when the midplane temperature T in Equation (8) tends to T 4 irr . In this case, cooling rate Λ → 0, so cooling time tc → ∞ and β → ∞. This means αgrav → 0 by Equation (2), and δΣ Σ → 0. In this limit, cooling is balanced by irradiation and αvisc, so αgrav is no longer needed for thermal equilibrium. Essentially, increasing temperature provides extra pressure support against gravitational collapse. In our geometry, however, we do not consider infalling mass from a nascent cloud. This could potentially reverse our result of small amounts of irradiation halting fragmentation, as this infalling mass causes a positive rate of change of local mass, decreasing the Jeans mass and potentially encouraging fragmentation, provided that Q remains constant.
Lowering the accretion rate (and therefore disc mass), changes the effect of a given amount of external irradiation. Figure 4 illustrates this. It is a disc with an accretion rate ofṀ = 2.0 × 10
, approximately a third lower than in Figure 3 . In this case (Figure 4 ) external irradiation has added additional mass to the outer parts of the disc, as the equilibrium disc structure is now more massive for a given accretion rate and radius, although in this case it does not meet the criteria required for it to fragment (which requires that the local α 0.1). In this disc, the external irradiation is maintaining Q ∼ 2 with little dissipation of the gravitational instability. In reality, we should expect Q to increase beyond the marginal limit of self-gravity in the outer parts of such discs.
We should bear in mind that this is a simple model in which no infall is considered. Since, in general, adding mass to the outer regions of a self-gravitating disc encourages fragmentation (Kratter et al. 2010; Vorobyov & Basu 2010; Kratter & Murray-Clay 2011; Forgan & Rice 2012) , it seems that the Jeans criterion for fragmentation may be satisfied at relatively high accretion rates (of order ∼ 10 −7 M yr −1 ) in the presence of sufficiently small (∼ 10 K) irradiation. Figure 5 is a contour plot of the amount of external irradiation required to prevent fragmentation of the disc as a function of accretion rate and radius. Below ∼ 3.2 × 10 −7 M yr −1 , in our local viscous approximation, any disc will be able to regulate itself against collapse. Above this, differing amounts of irradiation can either prevent fragmentation and totally remove spiral features from the disc, or prevent fragmentation whilst allowing spiral features to exist. As accretion rate increases, higher temperatures are required to prevent the disc from fragmenting; additionally, beyond 60 AU the determining factor in whether spirals are present or not is temperature, rather than a combination of temperature and accretion rate. gravitational αgrav by imposing a constant β. Doing so implies that the spiral amplitude strength δΣ / Σ ≈ α 1/2 grav is constant at all radii. In our model we take a more realistic approach and allow α to vary, requiring that our disc remain marginally unstable to nonaxisymmetric perturbations (i.e. Q = 2), and that the cooling rate at each radius depends on the local conditions. In such a quasi-steady, self-gravitating disc we expect α to increase with increasing radius (Rice & Armitage 2009 ).
The basic consequence of this is that the assumption of a constant β means that there will clearly be regions where the α values will be quite different to what would be the case if more realistic assumptions were used. In particular, the α values would probably be significantly larger in the inner regions, which will cause a greater contrast than would be the case were more realistic assumptions used. Figure 6 compares two systems, both with the same total mass, but one determining α realistically (left hand panel) and the other assuming that β (and hence α) is constant, fixed at β = 6. The reason we choose the same disc mass, rather than the same accretion rate, is that the total disc flux FD is related to total disc mass MD by
where κ(ν) is opacity, kB is the Boltzmann constant, c is the speed of light and D is the distance to the object. The disc mass is the same in both cases (q = 0.2), but holding β fixed alters the geometry so the equilibrium accretion rate for a given disc mass differs. ThereforeṀ = 5 × 10 −8 M yr −1 for realistic α anḋ M = 2.8 × 10 −7 M yr −1 for constant β yield the same total disc mass.
In the fixed β (and therefore fixed α) scenario, the strength of the spiral amplitudes are larger throughout the disc and so they are easily detectable to 3σ confidence level even at ν = 220 GHz. At ν = 680 GHz, the interarm regions are a low enough temperature . Top 4 panels: Synthesised ALMA images for two R = 100 AU discs with different geometries. Both discs have a central star mass of 1 M and central star radius 1 R , with Tsource = 6000K, imaged at a distance of 50 pc for clarity. Beam size which gives the best compromise resolution and sensitivity is selected for each disc, details are given in Table 1 . Left column has realistic α, whereas right column has in imposed constant β (and therefore α) value. Contours are at 3, 4, 5, 6, 9, 12, 15 & 18 × the RMS in each image. Each image has been scaled to best show the spiral features (if present). Disc mass is the same for both (q = 0.21),Ṁ = 5 × 10 −8 M yr −1 for realistic α andṀ = 2.8 × 10 −7 M yr −1 for constant β -and, hence, constant α. In both cases, the spiral arms are more clear for β = 6. Bottom panel: Spiral amplitude strength vs radius for the two discs. Red dots are "realistic" α and blue crosses are fixed α(β).
to broach the Wien limit, thus increasing the contrast ratio between the spiral arms and the inter-arm regions.
The first thing that we should stress is that using our semianalytic model with fixed beta, we are able to reproduce the basic results of Dipierro et al. (2014) . We find that extended structure is detectable to 3 × the RMS noise, and that the fluxes agree to the same order of magnitude in both the realistic α case and imposed constant β (hence α) case, giving us some confidence that our general method is reasonable.
We have, however, assumed our dust grains are dynamically well coupled to the gas such that ρ dust is linearly proportional to ρgas. Dipierro et al. (2015) showed that dust trapping occurs in the spiral arms in self-gravitating discs, however this predominantly occurs for particles with sizes of a centimetre or more . Therefore, these overdensities are best probed at frequencies that are not considered here (∼ 10 GHz), and so should not change our results.
However, what Figure 6 also shows is that in the fixed β scenario, the strength of the spiral amplitudes are larger throughout the disc than in the realistic α case. At ν = 680 GHz, this translates to more clearly discernible spiral structure throughout the disc. We could, of course, choose a larger β value, or increase the mass in the realistic alpha case, so that there were at least regions where the amplitudes were comparable. However, it is clear that even in such cases, the constant β assumption would produce unrealistic amplitudes in the inner parts of these discs.
For the rest of this paper we allow the effective gravitational stress αgrav to vary as it would do in a "realistic" disc.
ALMA Images
In this section we present results illustrating the conditions under which we may be able to directly observe self-gravitating spiral density structures using ALMA. We assume that all discs have outer radii of 100 AU and follow the procedure described in Section 2 to determine the amplitude of the spiral density waves, the continuum emission from the disc, and what we would then expect to be observed by ALMA. Figure 7 shows six synthetic ALMA images of three 100AU discs around a 1.0M , 2.325 R star, with a surface temperature of T = 4350 K, and with three different accretion rates. All discs are imaged at a distance of 140 pc. Each disc is observed at 220 GHz (top row) and 680 GHz (bottom row). Observing parameters are given in Table 1 , and physical parameters are given in Table 2 .
From left to right, the accretion rates areṀ = 2.8 × 10
Figures 7a and 7d depict a disc with the maximum accretion rateṀ = 2.8 × 10 −7 M yr −1 a disc of outer radius R = 100 AU, with no external irradiation, can sustain without fragmenting. Non-axisymmetric structure is only visible at the higher frequency of 680 GHz. We wish to stress at this point that this is the absolute maximum accretion rate that this disc, with this particular set of parameters and no external irradiation, can sustain.
For a sufficiently high accretion rate, and therefore disc-to-star mass ratio q, we reproduce the results of Dipierro et al. (2014) of increasing contrast with increasing frequency, as the Planck law in the interarm regions falls into the Wien limit due to the low temperature.
Additionally, Figure 7 shows that as accretion rate (and therefore disc mass) is decreased, the central part of the disc remains detectable to at least the 3σ level, but the spiral structure is simply not detectable with ALMA at 220 GHz (or longer wavelengths). Nonaxisymmetry is, however, noticeable at higher frequency (shorter wavelengths) since the lower temperatures in the inter-arm regions means the Planck law is in the Wien limit for these frequencies, reducing the intensity of emission.
The images in Figure 7 show the difficulty faced when determining the presence of GI in a protostellar disc. Since a distance of 140 pc corresponds to a typical star forming region (Taurus), these are not the most optimistic results. Figure 8 shows the same disc, with an accretion rate ofṀ = 2.8 × 10
−7 M yr −1 , imaged at 140 pc (220 GHz and 680 GHz), and 50 pc (at 220 GHz and 680 GHz). At a closer distance, it is significantly easier to detect spiral Table 1 , beam sizes are also in Table 1. structure in the disc, as shown in the images at 50 pc. At a distance of 50 pc, the spiral structure in the outer part of the disc is also detectable at 220 GHz, whereas it is not detectable at 140 pc. It becomes more difficult to detect spiral structure with decreasing accretion rate and disc mass. Since the strength of our spiral amplitudes are determined by δΣ/Σ ≈ α 1/2 , when the accretion rate is lowered, so are the spiral amplitudes. The conclusion we can draw from this examination of parameter space is that in quasisteady, self-gravitating discs, for any given disc radius and host star mass, there exists a narrow range of accretion rates in which the outer part of the disc does not begin to fragment, but for which the spiral structure is detectable. Additionally, even if the disc is within this parameter space, the distance to the object and the frequency of the observations may also determine the likelihood of spiral structure being detected.
With this in mind, it is prudent to caution against diagnosing directly imaged non-axisymmetric structure as due to disc selfgravity, unless the disc in question is sufficiently massive. That our discs of lower disc mass/accretion rate fail to produce detectable spiral features appears to conflict with the result found by Dipierro et al. (2014) . However, as previously mentioned, our model allows both the cooling time and α to vary locally, so the relative strengths of our perturbations are much less in the outer part of the disc than they would be in an SPH simulation where β is fixed at some relatively low value.
Comparison With Observed Systems
Currently, there aren't any observations that are directly comparable to what we present here. There are, however, some systems with spiral features typically observed in NIR scattered light. We consider the properties of such systems and compare them to what Table 1 . Image details for figures shown in this work. We detail frequency of the synthesised observation, whether a realistic or constant α was used in the image, the accretion rate, disc mass, the size of the beam, the noise of the image, the integration time used and precipitable water vapour (PWV) value. Table 2 . Physical parameters of the discs used to create synthesis images in this work. Columns are figure number, whether a realistic or constant α was used, host star mass, accretion rate and disc-to-star mass ratio we suggest would be required if self-gravity is to be the source of the spiral features.
MWC 758
The transition disc around Herbig A5 star MWC 758 is located in the edge of the Taurus star forming region at a distance of 279
pc (van Leeuwen 2007). It is 3.5±2 Myr old (Meeus et al. 2012 )and has a stellar mass of 2 M (Isella et al. 2010) . The disc mass and radial extent are approximated from sub-millimetre observations as 10 −2 M and ∼ 100 AU respectively (Andrews et al. 2011) . The accretion rate is estimated as somewhere between 2 × 10 −7 M yr −1 (Isella et al. 2008 ) and 1 × 10 −8 M yr −1 (Andrews et al. 2011) .
The first near-IR (NIR) scattered light images, clearly showing the discovery of spiral arms, were given in Grady et al. (2013) , obtained using Subaru and 1.1 µm Hubble Space Telescope/NICMOS data. The parameterised fit of the spiral arms was performed by Grady et al. (2013) following Muto et al. (2012) . It is possible that such spirals are launched by a perturbing body, if so it would require a mass of ∼ 5 MJ, which is consistent with continued accretion onto the central star. Marino et al. (2015) combine VLA Ka and ALMA maps to show that the disc is clearly non-axisymmetric. The disc is fit with a steady state vortex solution to explain the spiral arms. The authors suggest that the compact emission in VLA Ka data is consistent with an accreting companion object such as a forming planet, which could also be responsible for the spiral arms imaged in scattered light. The companion planet scenario is consistent with simulations conducted by Dong et al. (2015b) .
Similarly, MWC 758 was imaged in scattered light by Benisty et al. (2015) , using VLT/SPHERE to achieve a higher resolution than previously achieved. The spirals arms were again modelled using density wave theory, with two planetary companions launching the spiral arms. Although the spirals are interpreted as being due to planetary companions, other mechanisms, such as GI, can launch spiral waves with low m modes that are capable of matching these observed features, as shown by Dong . Synthesised ALMA images for R = 100 AU discs with accretion rate decreasing from left to right. Top row is at 220 GHz, bottom row is at 680 GHz. All discs are imaged at 140 pc. Left column is the maximum accretion rate it can sustain without fragmenting,Ṁ = 2.8 × 10 −7 M yr −1 . Contours are at multiples of the RMS given in Table 1 . Beam size is in bottom left corner, beam details are given in Table 1 . Geometry details are given in Table 2 . Beloẇ M = 5.0 × 10 −8 M yr −1 , at 220 GHz flux from the disc is low enough that thermal noise dominates, so the central region (inner 20 AU) is detectable, but not the extended non-axisymmetric structure. At 680 GHz, asymmetry is noticeable, but the spiral arms are not clearly defined.
ever, as discussed in our introduction, there are large uncertainties in the ratio of dust to gas and there is evidence that T-Tauri disc masses have been systematically under-estimated.
Observations have revealed a complex morphology of the disk of MWC 758. To understand the origin of these spiral features, both modelling and high resolution images in the sub-mm with ALMA is needed. Scattered light traces the surface variations in a disc (a valid assumption for vertical isothermal hydrostatic equilibrium), whilst to probe structures near the midplane it is preferable to use longer wavelengths with high spatial resolution.
In this work, we model MWC 758 as if it is self-gravity that is responsible for these spirals, to see if it is indeed the likely origin of these features. We simply assess whether it exists in the parameter space required for self-gravity to exist.
We enter into our model a host star with mass 2 M , a disc outer radius of 100 AU and an accretion rate of 2 × 10 −7 M yr −1 . In order for the disc to be in a quasi-steady, self-gravitating state for these specific parameters requires a disc-to-star mass ratio of q ∼ 0.25. This gives a total disc mass that is over an order of magnitude larger than that given by Andrews et al. (2011) . This means that either:
(i) The spirals are due to self-gravity, and the mass of the disc surrounding MWC 758 has been underestimated by a factor of 50.
Even if this is the case, Dong et al. (2015a) have recently shown that self-gravitating spiral arms obey m ∼ 1/q, suggesting that the expected dominant m-mode would be 4, if the spirals are due to self-gravity. However, for m = 2 spiral modes to dominate typically requires q 0.5, and that the accretion rate be high, of order ∼Ṁ ≈ 10 −6 M yr −1 (Dong et al. 2015a) . Such a disc would have non-local angular momentum transport , and as such would not be well-described by the viscous approximation in our analytical model.
(ii) The disc is self-gravitating, but the accretion rate is much lower than any of the measured values given by Andrews et al. (2011) for MWC 758, and the measured disc mass is correct. Figure 9 shows that for a disc around a host star of 2 M to have a mass of 10 −2 M (or equivalently q ∼ 0.005) requires that the accretion rate be of order ∼ 10 −10 M yr −1 . If this is the case, it is highly unlikely that spiral structure would be detectable since the αgrav, and therefore perturbation strength of the spiral, would be incredibly low.
(iii) Both the disc mass of MWC758 and the accretion rate are accurate. The spiral structure visible is due to some other mechanism, perhaps planet -disc interaction as discussed in Benisty et al. (2015) , and not due to self-gravity. Accretion is therefore driven by something other than GI, such as MRI. Gravitational instabilities are certainly capable of producing structures which match the morphologies of observed low m-mode systems. However, it also makes demands on the system that in the case do not appear to be met, i.e. that disc-to-star mass ratio and accretion rate are very high.
Something else to bear in mind is that our analytic models make assumptions that are likely no longer valid in high mass (q 0.5) discs, in which global (m ∼ 2) spiral modes dominate. When global torques are induced, the angular momentum transport is no longer local, and the semi-analytic models using a local viscous approximation are no longer justified.
Additionally, this semi-analytic model uses the midplane cooling time to determine the effective gravitational α. For massive discs, this will be largely underestimated compared to the actual α value in a global, radiatively cooling disc . Given that the spirals in MWC 758 appear global in nature might suggest that we can't use our semi-analytic model in this comparison. However, producing such global spirals via GI would require disc properties even more discrepant than our model suggests, and so the basic conclusion would remain unchanged.
This should serve as a word of caution to the analysis of future observations of discs with non-axisymmetric structure. Modelling non-local discs in the local approximation will return discs with spiral amplitudes far lower than would realistically be present. On the other hand, such discs would be extremely massive and have high accretion rates. Not only is it unlikely that they would be confused for lower mass discs, they will also remain in this phase for a very short time. The local approximation is therefore probably reasonable for anything that is likely to be observed by ALMA.
Adding irradiation to MWC 758 would allow the system to maintain a larger disc mass. However, as shown in Section 3, this removes spiral features from the disc. Adding just enough irradiation to the disc so that spiral features are still observable does not change the result we get for a system with parameters matching those of MWC 758. If the spirals present in MWC 758 are due to disc self-gravity, then they cannot be modelled using a local prescription of angular momentum transport, but this would also require the system to have very different properties to those observed.
SAO 206462
SAO 206462 is an isolated 1.7 M Herbig Ae/Be star at a distance of 142 pc in the constellation Lupus (Müller et al. 2011 ). It has a ∼ 10 −3 M disc (Thi et al. 2001 ) and an accretion rate of 5.37×10
−9
M yr −1 (Garcia Lopez et al. 2006 ) and an outer radius of 140 AU. Scattered light observations in NIR have revealed spiral structure in the outer disc (Muto et al. 2012; Garufi et al. 2013) , and submm ALMA observations have revealed large-scale asymmetries in the dust continuum (Pérez et al. 2014 ). These asymmetries have been fit using a vortex prescription, following RegÃąly et al. (2012) by Pérez et al. (2014) , however, those authors concluded that the vortex prescription did not reproduce every observed feature, and significant residuals remained which coincided with the spiral arms seen in H-band scattered light.
Although the disc mass is probably too low to trigger gravitational instabilities, as is the case with many T-Tauri stars there is evidence for systematic underestimation of the disc mass. We model SAO 206462 as if disc self-gravity is responsible for the spiral features present in the disc. Using our model, to match the accretion rate of SAO 206462 requires a disc-to-star mass ratio of q ∼ 0.1 in order for the disc to be in a quasi-steady, self gravitating state.
Spiral arms which have GI as their origin make additional demands on a system that in this case do not seem to be fulfilled. The spirals must be compact (on scales less than ∼ 100 AU), the disc must be massive (q 0.25) and the accretion rate must be high (Dong et al. 2015a ). This leaves us with the following available conclusions:
(i) The disc mass has been underestimated by several orders of magnitude, and the disc for SAO 206462 is actually well within the self-gravitating regime. However, even if this is the case, such a disc would not produce clear spiral structure due to the low αgrav and therefore spiral amplitude. (ii) The accretion rate is much lower than that measured for SAO 206462, and the disc mass measured is correct. This would further decrease the amount of flux from the disc and again cause difficulty observing it. (iii) Both the disc mass and accretion rate are accurate, and the spiral features are not due to disc self-gravity.
HD 142527
The transition disc HD142527 has been observed in the near-IR, and has been revealed to have a unique morphology, appearing to consist of two bright arcs facing each other and one spiral arm (Fukagawa et al. 2006) . The central star's mass and age are respectively estimated at 1.9 − 2.2M and 1 − 12Myr (Fukagawa et al. 2006; Verhoeff et al. 2011) . It has an accretion rate of 6.92 × 10 −8 M yr −1 (Garcia Lopez et al. 2006 ) and the estimated flow rate of gas in the gap in the disc is between 7 × 10 −9 and 2 × 10 −7 M yr −1 (Casassus et al. 2013 ). The total disc mass has been measured from gas-to-dust ratios as ∼ 0.1 M (Verhoeff et al. 2011) . Spiral arms have been imaged in 12 CO J = 2 − 1 and J = 3 − 2 using ALMA by Christiaens et al. (2014) , who placed lower limits on the mass of each spiral arm at ∼ 10 −6 M . These features were interpreted as an acoustic wave launched by a planet (see e.g. Muto et al. 2012) , however since it is now thought probable that HD 142527 has a low-mass stellar companion (Biller et al. 2012) , the spiral structures could certainly be tidally induced. GI is an alternative scenario which is able to replicate this grand design spiral structure, and since both Christiaens et al. (2014) and Fukagawa et al. (2013) find Q ∼ 2.0, there is evidence for gravitational instability being responsible for the spiral structure present.
We assume a 2 M central star, and an accretion rate of 6.92× 10 −8 M yr −1 . Since there is evidence that the disc may extend as far out as 600 AU in radius (Christiaens et al. 2014) , we extend our disc out to 600 AU.
To match the observed accretion rate of HD 142527 and extend out to 600 AU, such a disc would require an incredibly high disc-to-star mass ratio of q ∼ 0.75. Such a disc would certainly have incredibly high global torques, and in reality would probably not survive in this quasi-steady, self-gravitating state. Therefore, the most likely explanation for the spiral structure observed in HD 142527 is not self-gravity.
An alternative explanation for the spiral structure is tidal interaction due to its low mass companion (Mcompanion ∼ 0.1 M ), which is potentially on an eccentric orbit around HD 142527 (Fukagawa et al. 2006; Baines et al. 2006; Biller et al. 2012; Close et al. 2014 ).
Conclusions from Observed Systems
We examined the parameter space of three transition discs to determine if the non-axisymmetric structure which has been imaged in those discs could feasibly be due to disc self-gravity. For all three systems, it seems unlikely, unless the disc mass has been significantly underestimated. Even if the disc mass has been underestimated, and the disc is self-gravitating, we may expect to see a different number of m-modes dominant in the disc. Self-gravity imposes additional requirements on a system which do not seem to be consistent with the parameters of these systems.
DISCUSSION AND CONCLUSION
We performed an examination of the parameter space in which selfgravitating discs can exist, using a semi-analytical approach. We generated synthetic observations with the intention of investigating the range of accretion rates, disc masses and disc radii that would allow non-axisymmetric structure to be detected by ALMA. Our intention was not to reproduce the exact morphology of the observations, but rather to understand the strength of a perturbation required to generate an observable spiral arm.
Analytical models using a viscous prescription that assumes local angular momentum transport poorly describe systems which are dominant in the low m spiral modes. Modelling non-local discs in the local approximation returns spiral amplitudes far lower than would be present in reality. If a quasi-steady, self-gravitating disc can be described analytically using local transport, then there exists a small range of accretion rates for a given radius where the gravitational stress is high enough to generate observable spirals, but not so high as to cause the outer regions of the disc to fragment. However, non-local transport only becomes significant in discs with masses above half the mass of the central star, and such discs will probably have very short lives ; Rice, Mayo & Armitage 2010), so our analysis here is probably reasonable for anything that would be detected by ALMA.
Another important factor is external irradiation. If the accretion rate is close to the fragmentation limit, a small amount of external irradiation (∼ 10 K) may prevent fragmentation with increasing accretion rate. If the accretion rate is well below the fragmentation limit, a small amount of irradiation (∼ 10 K) causes the surface density profile of the outer part of the disc to be restructured, as the equilibrium disc structure is now more massive for a given accretion rate and radius. If infall from a natal cloud is occurring, this could well be a trigger for fragmentation, as it is likely that in these regions the Jeans criterion would be satisfied. A moderate amount of irradiation (∼ 30 K) can suppress fragmentation up to higher accretion rates, but at the cost of non-axisymmetric structure.
Ultimately, our results suggest that there is a relatively small range of parameter space in which a disc could be selfgravitating, not undergo fragmentation, and have spiral amplitudes large enough to be observable by ALMA. Broadly speaking, we would expect the disc mass to exceed 0.1 M , the accretion rate to satisfy 10 −7 Ṁ 10 −6 M yr −1 and the outer radius to be not much more than 100 AU. Additionally, the observing frequency and distance to the source also plays a role. We are more likely to observe spiral waves at 680 GHz than at 220 GHz, and it becomes increasingly difficult as the source distance increases.
Although self gravitating discs can certainly match the morphology of observed systems, they also impose strict additional conditions which may not be met. In essence, our analysis suggests that there is a relatively small region of parameter space in which self-gravity may produce observable spiral features. We would therefore caution against interpreting such features as being due to disc self-gravity unless the disc is likely to fall into this region of parameter space.
